We give the initial spectrum of quantized gravitational waves in the context of the one-bubble open inflationary universe scenario. In determining the quantum state after the bubble nucleation we adopt the prescription to require the analyticity of positive frequency functions in half of the Euclidean extension of the background O(3, 1)-symmetric spacetime. We find the spectrum is well behaved at the infrared limit and there appears no supercurvature mode. In the thin wall approximation, the explicit form of the spectrum of gravitational wave perturbations is calculated. * ) Electronic address: tama@vega.ess.sci.osaka-u.ac.jp * * ) Electronic address: misao@vega.ess.sci.osaka-u.ac.jp 1 typeset using P T P T E X.sty <ver.0.8> §1. Introduction
§1. Introduction
The open inflationary universe scenario is one of exciting current topics among the physics in the early universe. The possibility to create an open universe (Ω 0 < 1) through bubble nucleation in the context of inflationary cosmology has become under discussion rather recently, 1), 2), 3), 4), 5), 6 ) and several models of inflaton potential have been proposed.
2), 4), 5), 6) Now a central issue is if these models are compatible with the observed anisotropies of cosmic microwave background (CMB) on large angular scales. In several recent papers, 7), 8), 9), 10), 11), 12), 13), 14), 15) quantum fluctuations of the inflaton field that generate the initial curvature perturbations have been evaluated and the resulting spectrum of CMB anisotropies has been calculated. But a drawback of all the previous studies is that the gravitational degrees of freedom have not been taken into account.
The incorporation of gravitational perturbations causes two effects. One is the coupling between perturbations of the inflaton field and those of the metric, which may alter the spectrum of the initial curvature perturbations drastically. The other is the contribution of gravitational wave perturbations to the CMB anisotropy, which has not been taken into account at all in the previous analyses. As has been known, a constant time hypersurface in an open inflationary universe is not a Cauchy surface of the whole spacetime. 9) Thus we cannot set commutation relations on this hypersurface when we consider quantization of a field in the open universe. This difficulty has been solved in the case of a scalar field 9), 10) and recently a method to manage the gravitational wave modes in the Milne universe has been developed by the present authors 16) (Paper I).
In this paper, we extend the result in Paper I to make it applicable to a general open universe. The aim of this paper is to give the spectrum of gravitational wave perturbations in the context of the open inflationary universe scenario. This paper is organized as follows. In section 2 we review the zeroth order approximation
to an open universe model, which is based on the O(4)−symmetric bubble nucleation 17), 18) , and explain the notation we use in the succeeding sections. In section 3 gravitational wave perturbations of the O(4)−symmetric bubble is investigated. First we show a similarity between the massless scalar field perturbation and the gravitational wave perturbation. Then using this similarity, we reinterpret the results for massless scalar field perturbations obtained in Ref. 10 ) and give the spectrum of gravitational wave perturbations. Section 4 is devoted to summary and discussion.
In this paper, we use the units, c =h = 1, and adopt the metric signature, (−, +, +, +). §2.
Configuration of the O(3, 1)-symmetric bubble
We consider the Einstein scalar model with a single real scalar field which has a potential, V (σ), as shown in Fig. 1 . The Lagrangian is given by
where κ = 8πG, and g and R are the determinant of the metric tensor and the curvature scalar, respectively. Here in this section, we review the background solution which represents the bubble nucleation.
17), 18) The conformal diagram of this solution is presented in Fig. 2 . As shown in Fig. 2 , we divide the whole spacetime into five regions. The upper right and the upper left triangle regions are labeled by R and L, respectively. The central, diamond-shaped region that contains the bubble wall is labeled by C. In C, the background metric is written as 2) and the scalar field depends only on "the cosmological time", T ,
Then the equations of motion becomë 5) where the dot˙represents the derivative with respect to T . The regularity of the metric requires the boundary condition for Eqs. (2 . 4) and (2 . 5) aṡ
where J = R or L and T J is determined by a(T J ) = 0. Hereafter the subscript J is used to represent R or L. The surface where T = T J corresponds to the boundary between C and J. As T increases from T L to T R , σ also increases monotonically from σ L to σ R . Here we assume that σ L is the potential minimum in the false vacuum side and that σ R is that in the true vacuum side. Further, we assume that the region in which σ changes are restricted to the interval between T W L and T W R , where T W L < T W R . We divide the region C into three regions; T < T W L , T W L < T < T W R and T W R < T , and call them C L , W and C R , respectively. Thus J and C J are the de Sitter space with σ = σ J with the expansion rate given by H J := κV (σ J )/3. As we shall see, these assumptions are not essential to our later discussion and they can be relaxed if one wishes. However, for simplicity, we consider the situation in which these assumptions hold. Following Ref. 10), we introduce coordinates in L and R. First we introduce new coor-
In these coordinates, the metric in C J takes the form,
If we use the thin wall approximation, in which the region W is assumed to be infinitesimally thin, the continuity of the metric gives the relation,
Further we introduce the coordinates in R and L by
(2 . 10)
The relations among the coordinate systems are uniquely determined by the analyticity which was discussed in Ref. 11). The metric in R or L becomes
For later convenience, we introduce several symbols that describe background geometrical quantities. The expressions given here are valid in R and L but the extension to other regions is straightforward. We denote the unit vectors in t-direction and in r-direction as ξ µ and n µ , respectively. Then the background metric can be decomposed as 12) where γ µν and σ µν are the metric of the t = const. hypersurface and that of the t, r = const. surface, respectively. Further they are related to the metric of a unit 3-hyperboloidγ µν and that of a unit 2-sphereσ µν by We consider quantized gravitational wave perturbations on the background given in the preceding section. In general, the perturbed metric and the perturbed scalar field are given asg
5 but here we ignore the perturbation of the scalar field and set δσ = 0. Strictly speaking, one has to go to the region C, where a Cauchy surface exists, to quantize a field. For the metric perturbation, this is done in Appendix E for completeness. However, here we take a more intuitive approach by considering the metric perturbation in the region R or L first.
For the present problem, it turns out this approach is as good as the rigorous one given in Appendix E.
In R or L, we can impose the transverse traceless synchronous gauge condition on the metric perturbation. To make our statement explicit, we introduce the tensor harmonics on 
where 4) and Y := Y lm (Ω) are the 2-dimensional spherical harmonics and
The superscripts (+) and (−) denote parities of the harmonics andǫ AB is the unit antisymmetric tensor on the unit 2-sphere (ǫ θϕ = sin θ etc.) andǫ
ACǫ CB . The r-dependent parts of the tensor harmonics are expressed in terms of the function,
as
where P µ ν (z) is the associated Legendre function of the first kind. These harmonics satisfy spatial transverse traceless gauge condition:
and have the eigenvalue p 2 + 3 as
where (3) △ is the tensor Laplacian operator on the unit 3-hyperboloid. Note that, by construction, there are no l = 0 and 1 modes in these harmonics. For positive p 2 modes, they are normalized as
where dΣ = sinh 2 r drdΩ is the surface element on the unit 3-hyperboloid. For negative p 2 modes, they are not normalizable. Thus it might be inappropriate to call them harmonics but we do so here and define them by Eq. (3 . 2).
Using the harmonics, we expand the metric perturbations as
and
Then the perturbed Einstein equation in C becomes
The equations in the other regions are obtained by the analytic continuation.
This equation is exactly the same one that was discussed in Ref. 10 ) for a noninteracting massless scalar field without coupling to the metric perturbation. In the scalar case, we showed that there is one supercurvature mode (p 2 < 0) for each l, m independent of the detail of the model under the thin wall approximation. With this result in mind, in the subsequent two sections, we discuss subcurvature modes (p 2 > 0) and supercurvature modes separately.
subcurvature modes
For subcurvature modes, the correspondence between the cases of the massless scalar perturbation and the gravitational wave perturbation is exact.
When p 2 > 0 the r-dependent parts of the harmonics vanish fast enough as r → ∞.
Therefore we can choose the union of a t L = const. and a t R = const. hypersurfaces as a surface on which the canonical commutation relations are set, although it is not a Cauchy surface. * )
As given in Appendix A, in L and R, foliating the spacetime by t J = const. hypersurfaces, the 2nd variation of the action becomes
where τ J = t J /H J . This action, for each definite parity, is the same as that of the massless scalar field φ with the decomposition, 
where
with ∆s := sin t C,R | wall − sin t C,L | wall and
It is important to note that 1 − y ∝ p 2 as p → 0. Although we have adopted the thin wall approximation here, it is straightforward to extend the present analysis to the general case and our conclusion that 1 − y ∝ p 2 as p → 0 remains true.
As first pointed out by Allen and Caldwell, 21) if y = 0, which would be the case for the pure de Sitter background, the even parity gravitational wave spectrum would have an infrared divergence in the limit p → 0 because of the extra factor of 1/p 2 in the normalization factor of the tensor harmonics (see Eq. (3 . 2)). However, as soon as the effect of the presence of the bubble is taken into account, this divergence disappears. Thus for a realistic model of one-bubble open inflation, the gravitational wave spectrum shows no pathological feature.
supercurvature modes
A supercurvature mode is a solution of Eq. (3 . 13) regular at both boundaries, T = T R and T L , which may exist discretely at p 2 ≤ 0. * ) Let us put aside the case of p 2 = 0 for a while.
Then, as mentioned before, it was shown in Ref. 10 ) under the thin wall approximation that there is only one supercurvature mode for each l and m. It is a trivial solution U(T ) = const. for p 2 = −1. However, different from the massless scalar case, this supercurvature mode is unphysical in the present case because it turns out to be just a gauge degree of freedom as shown in Appendix B. Thus in the thin wall case, there is no supercurvature mode in the gravitational wave perturbations. In Appendix C, we prove the absence of the supercurvature modes in general without the thin wall approximation. * ) Here we use the terminology 'supercurvature' in a broader sense to include the case of p 2 = 0.
However, one might worry if the absence of supercurvature modes would depend on our choice of gauge. That is, a metric perturbation described by a singular solution of Eq. (3 . 13)
could be transformed to a regular metric perturbation by a different choice of gauge. For p 2 < 0 but p 2 = −1, using the mutual independence among the scalar, vector and tensor harmonics, it can be shown without trouble that such a gauge transformation do not exist.
For even parity p 2 = 0 modes, however, there is a problem that they become degenerate with scalar perturbation modes with p 2 = −4. 8), 13), 11) Therefore, we must consider the scalar perturbation at the same time when discussing regularity of the metric. In Appendix D, we treat this problem and show that there exists no gauge transformation that makes the metric regular for even parity p 2 = 0 modes. Thus it is concluded that there exists no supercurvature modes for gravitational wave perturbations. §4. Summary and discussion
In this paper we have derived the spectrum of gravitational wave perturbations in the context of the open inflationary universe scenario. We have assumed that the quantum state after bubble nucleation is given by "the Euclidean vacuum state" that is determined by the analyticity of modes when they are continued to the Euclidean region. Under this assumption and in the thin wall approximation, we have explicitly obtained the spectrum (3 . 17 ). An important feature of the spectrum is that it is infrared finite as opposed to the case of pure de Sitter background. We have also found that there is no discrete spectrum that comes from supercurvature modes. At a glance, there seemed to exist supercurvature modes at p 2 = −1 but it is shown to be an illusion due to gauge degrees of freedom.
A subtlety associated with the even parity p 2 = 0 modes that they become degenerate with the p 2 = −4 scalar perturbation modes has been also resolved. Taking account of all the degrees of freedom of metric perturbations, we have shown that these modes do not exist. In the previous analyses 8), 13), 11) without taking into account the gravitational degrees of freedom, the scalar p 2 = −4 modes occupied a special position because they existed independent of the detail of the potential of tunneling scalar field and were called wall fluctuation modes. Our result implies that these modes cease to exist once the gravitational degrees of freedom are taken into account. This result is consistent with that obtained by Kodama et al. 22) in the case of infinitely thin domain wall with vanishing potential energy in both vacua. We should note, however, that our result does not exclude the possibility that a discrete mode describing the wall fluctuation exists with a shifted eigenvalue other than p 2 = −4.
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Appendix A 2nd variation of the action
In this Appendix we derive 2nd variation of the action given in Eq. (3 . 14). Here we omit the subscript J for simplicity.
Since we are interested only in the 2nd order variation, we compute the terms quadratic in h µν in the Einstein-Hilbert action:
Inserting these into Eq. (A . 1) and using
we obtain the 2nd order variation of the Einstein-Hilbert action,
Noting that
where ξ µ is the unit vector normal to the t = constant hypersurface, we obtain
where the dot denote the derivative with respect to the cosmological time, t/H. We also need the matter part of the Lagrangian:
Then, using the equations of motion,
m simplifies to
Now, taking into account the facts that h µν ξ ν = 0 and h = 0, the 2nd variation of the Lagrangian reduces to
The nonvanishing components of h µν;ρ are explicitly written as
Then using formulas of the Σ-integration of the harmonics
we obtain the resulting formula (3 . 14).
Appendix B
Looking at Eq. (3 . 13), it is easy to find that there is a trivial supercurvature mode solution at p 2 = −1, which is given by U(T ) = const.. Thus the corresponding metric perturbation is given by
where G µν are the unnormalized harmonics on the unit 3-hyperboloid defined by Eqs. (3 . 3) and (3 . 4) . In this Appendix, we show that this mode is not a physical one but a gauge mode.
To see this, we introduce the unnormalized vector harmonics on the unit 3-hyperboloid, W (±)p lm i , which are defined by
where Y = Y lm (Ω) and Y A is defined in Eq. (3 . 5). The r-dependent parts are
where P is defined in Eq. (3 . 6). The harmonics satisfy
From Eq. (B . 6) one can see that the tensor constructed from the vector harmonics with p 
wheren i is the unit normal in the r-direction on the unit 3-hyperboloid and σ ij =γ ij −n inj .
Using the fact that
which follows from the derivative recursion relation of the associated Legendre functions, it can be verified that
Now we consider a purely spatial gauge transformation (infinitesimal coordinate transformation),
with ζ µ ξ µ = 0 and ζ µ ∝ W µ (p 2 = −4). It gives the change of the metric;
without disturbing the value of the scalar field. This is just the metric perturbation for the p 2 = −1 mode given in Eq. (B . 1).
Appendix C absence of supercurvature modes
Here we show that there exist no supercurvature modes in gravitational wave perturbations without using the thin wall approximation.
A supercurvature mode is a mode corresponding to a regular solution of Eq. (3 . 13) with p 2 ≤ 0. The problem to find a supercurvature mode is analogous to that to find a bound state in the quantum mechanics. Here, we note that a regular solution means the one that gives a regular metric perturbation. An inspection of Eq. as T → T J . First we introduce a new coordinate, s, defined by
where a max is the maximum value of a in C. Then Eq. (3 . 13) is rewritten as
If there is a potential Q(s) which satisfies
and if the equation
has N supercurvature modes (bound state solutions) with one of them at p 2 = 0, then the number of supercurvature modes of Eq. (C . 2) is less than N.
Integrating the equations of motion (2 . 4), we obtain the following inequality:
where the dot denotes the derivative with respect to T . The equality holds only for T = T max . Then from Eq. (2 . 5), we find ȧ a
Note that from the fact that the equality holds at T = T max , i.e., at s = 0, whereȧ = 0, one
We introduce the scale factorã of the de Sitter space with the radiusH −1 . Thenã satisfies
Rewriting Eqs. (C . 6) and (C . 8) by using the s-coordinate, we obtain Appendix D
Here we consider the even parity p 2 = 0 modes by taking full account of the degeneracy between the scalar and tensor harmonics. Since it is natural to require that a physical mode should give regular metric and scalar field perturbations, we examine whether a regular solution exists in this degenerate case.
First we give the explicit relation between the scalar and tensor harmonics when they are degenerate. Let us introduce the unnormalized scalar harmonics on the unit 3-hyperboloid, S plm = P pl Y lm . They satisfy
One readily sees S ij is transverse-traceless when p 2 = −4. 
Then we find
where G (+) ij are given by Eq. (3 . 3). Thus it is necessary (and sufficient) to consider scalar type perturbations with l ≥ 2 when discussing the even parity p 2 t = 0 modes. We consider the scalar type perturbations in region R or L and describe the perturbed metric as
and the perturbed scalar field asσ
Then the field equation for ϕ is given bÿ
The necessary components of the perturbed Einstein equations are the (0, 0), (0, i) and the traceless part of (i, j) components. They are given, respectively, as
In order to solve the above set of equations, it is necessary to fix a gauge. For this purpose, let us consider a gauge transformation induced by an infinitesimal coordinate transformation,
Then the perturbation variables transform as
Hence unless σ is constant, which is the case of pure de Sitter background, one can choose a gauge in which ϕ = H L = 0 by using the above gauge degrees of freedom. Now specializing to the case of p 
Now going into the region C by the identifications of dτ with idT and a with ia, we see that this equation exactly coincides with the one for the tensor p 2 = 0 modes given by Eq. Appendix C holds also in the present case, any solution is singular either at T R (boundary to the region R) or at T L (boundary to the region L). Thus we may conclude that there exists no discrete mode for p 2 = −4 (i.e., no discrete even parity p 2 = 0 tensor mode) that would contribute to the quantum fluctuations.
However, it is not yet completely clear if the singular behavior of H T is real. It may be absorbed by a gauge transformation. Thus we have to show that there exists no gauge transformation that makes the metric and scalar field perturbations regular. The regularity can be examined by investigating the behavior of the perturbations as one approaches either of the two boundary light cones. Since the coordinates T and r C are degenerate on the boundary light cone, it is necessary to evaluate the metric components in non-degenerate coordinates, e.g.,t = ∆T cosh r C ,r = ∆T sinh r C .
(D . 16) Then the components are related by
When we take the limit to the boundary light cone, ∆T goes to 0 whilet andr stay finite.
Thus it is required that the components, ∆T 2 h T T ∼ ∆T 2 AS and ∆T h T r ∼ ∆T B∂ r C S, should be regular. Since the radial part of S behaves as exp (
∆T A and B should be regular on the boundary light cone. Now we know that it is sufficient to consider a solution that behaves as H T = ∆T −1 ln ∆T at, say, the left boundary in ϕ = A = B = H L = 0 gauge. The gauge transformation (D . 14)
is still valid in region C with replacements, M → iM and B → iB. Thus we must set N = ∆T −1 ln ∆T in order to remove the singular behavior of H T . Then B becomes singular.
To remove the singular behavior of B, we should take M = − ln ∆T . Then, however, ϕ becomes singular as −σ ln ∆T ∼ ∆T ln ∆T . The perturbation of scalar field itself is finite but the derivative diverges. Thus we finally conclude that no regular (hence physical) discrete mode exists.
where N (+)pl m is a normalization constant to be determined later. Then comparison of the traceless part of h 9)), we can see that the same normalization is deduced from the action (3 . 14).
As for p 2 < 0, the normalization constant (E . 16) is finite except for the case p 2 = −1.
Hence the supercurvature modes would exist if there were modes of U p that would satisfy the normalization condition (E . 12). But we know that such modes do not exist from the discussion of Appendix C.
In the case p 2 = −1, the normalization constant N (+)pl m diverges. On the other hand, since U p ∝ a 2 for p 2 = −1, the integral,
is finite. Hence the overall normalization factor, which is given by N (+)pl m /I p , diverges. This implies the p 2 = −1 modes are 'zero modes' for which the potential in the configuration space along the direction of the modes is flat. As shown in Appendix B, this corresponds to the fact that the p 2 = −1 modes are gauge illusion and there is no dynamical degree of freedom there. So we do not have worry about this case.
Another case of the divergent N (+)pl m occurs at the boundary between the subcurvature and supercurvature modes, p 2 = 0. In this case, however, an analysis of the asymptotic behavior of U p as T → T J (J = L, R) shows the integral (E . 17) diverges as well. Therefore the overall normalization factor N (+)pl m /I p becomes indefinite as ∞/∞ and we cannot conclude there is no physical discrete mode there. This case is special in the sense that the even parity p 2 = 0 tensor harmonics can be constructed from the p 2 = −4 scalar harmonics 8), 13), 11) . * ) The normalization of P is different from that in Paper I by the factor of √ 2/Γ (ip + l + 1).
